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Abstract—This paper deals with intrinsic thermal feedback
(ITF) in transistor oscillators. ITF is an inherent property of
any semiconductor device as it arises due to all basic material
parameters are temperature dependent. The main topics under
discussion are ITF impact on oscillator steady-state regime
stability and noise.

The usual approach to an oscillator analysis uses the only
nonlinear differential equation describing first harmonic turns
around a positive feedback loop (PFL). A role of an inertial
unit plays the PFL resonator. A practical oscillator is
controlled with at least two additional feedback loops: one
describes its inertial auto-biasing network, another — inertial
changes of transistor active zone temperature induced with
dissipated power fluctuations. Thus, the oscillator steady-state
regime (and its parameters) has to appear as a joint solution of
the three nonlinear differential equations.

The corresponding analysis reveals conditions when ITF in
conjunction with the inertial auto-biasing could upset the
steady-state regime stability. The closer an oscillator to a
threshold of unstability the more noise. In general case ITF
acts like some effective built-in filter which colors additionally
the noise spectra.

I.  INTRODUCTION

Intrinsic thermal feedback (ITF) is an inherent property
of any semiconductor device as it arises due to all basic
material parameters are temperature dependent. By now, the
ITF phenomenon is studied mostly in connection with self-
heating effects in high-power transistors and their CAD
models [1-4].

This paper deals with ITF in transistor oscillators, and
particularly in those of them wusing bipolar junction
transistors (BJT’s). The topics under discussion are ITF
impact on oscillator steady-state regime stability and noise.

The popular oscillator model developed by Leeson [5],
which is based on consideration of the first harmonic turns
around a closed oscillating loop, does not address all effects
that are key to the prediction of oscillator performance. The
authors missed to find out any publications devoted
especially to ITF in oscillators with the exception of one old
paper by D. Tsarapkin [6]. It demands to place more
emphasis on a basic theory.

II. BASIC THEORY

A positive feedback loop (PFL) of a typical sine-wave
oscillator comprises a sustaining amplifier (SA) and a band-
pass filter (BPF) [5]. In the simplest case which is in
consideration further SA is a single active device (BJT here)
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and BPF is some kind of a single tuned circuit connected as
a transmission resonator.

The usual approach to an oscillator analysis considers
first harmonic turns around PFL.

Put an alternating part of a BJT input voltage as
u(t) = Ucos(ot + @,) = Re[Uexp(jwr)] (D

where U, ® and @, have a usual sense; U = Uexp(j@Q,) — a
complex amplitude considering as a slow varying (in
comparison with cos(®f)) function of time.

Put similarly for an alternating part of a collector voltage
u.(t) = U.cos(ot + @.) = Re[U.exp(jwr)]. 2

U. = U.exp(jo.) — a complex amplitude of the collector
voltage is also a slow varying function of time. Its phase
angle, @, is a sum

Q= @i + @, 3)

where @;; — a phase angle of the first harmonic, I, of an
instantaneous collector current i (¢); ¢, — a phase angle of a
collector load impedance, Z..

In the shortened operator representation

Z(p)=R./(1+1.p) (4)

where R, — a resonant impedance of the tank (partly
connected, in general); p = d/ds— a differential operator
along time; T, = Q/(mv,) — a resonator time constant; v,, Q
— a resonant frequency and a loaded Q-factor of the
transmission resonator accordingly. In a steady-state regime

p=iQ=jw- m,), =21V, 5

The collector-to-base voltage transfer through BPF is
described with a so-called feedback coefficient, k. By
definition,

k = k-exp(jor)= U/ U.. (6)

Put @x= 0 to simplify the problem. Then k= k.

The next step is to choose a BJT model. This model
should be as simple as possible to permit us to reveal the
main features of the discussed phenomena. Arrange to
ignore transistor parameters frequency dependence and a
transistor input impedance influence on the oscillator



circuitry. Then all needed for analysis is collector current
volt-ampere characteristics (VAC’s) and a thermal model.

As a matter of fact the instantaneous collector current, i,
(as supposed, i, = i.) is a function of both the base-emitter,
ey, and collector-emitter, e., voltages: i. = i. (ey, e.). For high
enough e, exceeding some critical value, e, i. = ic(ep).
Taking into account the voltage fall on a base resistance, r,
one has

io = Ii{explq(ey - icro)/ (ks T)] -1} (7

where /; — an emitter saturation current; ¢ — an absolute
value of a charge on an electron; ks — the Boltzmann’s
constant; 7— a transistor die temperature in Kelvin.

A typical plot of (7) is drawn in Fig. la with a dashed
curve. Bearing in mind an oscillator used to operate at a
large signal, introduce a linear piece-wise approximation of
VAC (solid lines in Fig. 1a) putting

[0, if e,<FE,

I =g ®) = % (8)
| S-(ep-E), if e,>E'.

Here S — a forward transconductance in an active mode; E”
— a cut-off voltage. This parameter is called also the

Jjunction turn-on or knee voltage. E’= 0.6...0.7V in a case of
Si BJT.

Put e, as a sum of a biasing voltage, Ey, and a sinusoidal
input signal u(f) where temporarily ¢, = 0 for simplicity:

ey, = Ey, +Ucos(my). 9)

Then i.(¢) is a periodical function, and the collector current
pulse itself typically looks like a piece of cosine (Fig. 1b).
The parameter 0 here referred to as a conduction angle
describes a part of RF period corresponding i. flow.
Quantitatively,

cos® = (E’- E,)/U. (10)

0 = /2 rad = 90° if E, = E’ at an operating point. The
harmonic content of the pulse in Fig. 1b is defined with

Loy = USYo1)(0) (1)
ic(ey) i(@?)
0 -n -0 0 nmt
®)

Figure 1. BJIT VAC and its approximation (a) and a typical collector
current form at a steady-state regime (b).

where Iy — the appropriate current harmonic amplitudes;
Yo(0) = (sind - B-cosO)/m, ¥1(0) = (20 - sin20)/(2x).

Fig. 2a demonstrates results of the transistor output VAC
approximation. The horizontal lines correspond to (8). On
the left they are confined with the critical regime line (CRL)
obeyed the equation

ic-cr(ec) = Scr'ec' (12)

Define E; as a collector-emitter bias. Then, obviously, e.(?)
= E. — U.cos(wxt +@,), at that ¢, = @, if ¢;; = @, and Z. =
R.. Put these conditions met further.

During a working cycle

(ic ) if ic g)[en()] < icaledd)],

i) =1 (13)

L ic-cr; if ic-cr[ec(t)] < ic (8)[eb(t)]'
The critical regime (CR) takes place when
ic max ic (8)(eb max) = ic-cr(ec mjn): (14)

i.e., i, reaches maximum at the interfaces between CRL and
one of the lines (8).

When U, exceeds its critical value, U.., the current
pulse acquires some depression at a centre (Fig. 2b). It is a
characteristic sign of the over-critical regime (OCR). On the
other hand, call a regime as the pre-critical one (PCR) if U,
<U..o. As a rule, high quality oscillators must operate
namely at PCR. All following calculations will suppose just
the PCR case.

III. MAIN EQUATIONS

A steady-state regime of any oscillator has to meet four
main closed loops of functional dependences:

— the first harmonic power balance;

— the biasing voltage balance;

— the thermal balance;

— the higher harmonics power balances.

In the following analysis we use the first three of them.
Calculations are conducted in terms of an approach based on
the symbolic shortened equations technique developed by

ic(eo)
' e i)
;'! \ Critical regime line
| t
0 ec -7 -0 0 0o nm
(@) (b)

Figure 2. Approximation of the transistor output VAC (a) and a form
of the collector current pulse in the over-critical regime (b).



S. I. Evtyanov [7]. The similar approach (quite restricted as
compared to [7]) is popular under name of the Kurokawa’s
method.

The complex amplitude of an input voltage is
U=Zp)l.. (15)

Here Zy(p) = kZ.(p) — a guiding impedance. The reciprocal
Y (p) = 1/Z(p) is called the guiding admittance. Thus, the
first of the three equations is

U - Zg(p)1c1(U, Eb, T) =0. (16)

Generally, Zy(p) might be a ratio of two polynomials with
complex coefficients. But here the applied simplest form (4)
gives

Zp) =R,/(1 +1.p), Ry=kR.. (17)

which leads to a pair of equations for real variables:
. . dUu
TU+U—-R, (U, E,,T)=0 (Us?), (18)

do .
—L=¢p=0. 19
i (19)

For a biasing circuit including an external source Ey cx
and an emitter biasing resistor R, bypassed with a capacitor
C. one has

Eb = Eb-ex - Ze(p)ICO(U: Eb: T) (20)

Here Z(p) = 1/Y.(p) = R. /(1+1,p) — the biasing emitter
“resistance”, T, = R.C. — a biasing circuit time constant.

Take the same simple RC-model for a thermal circuit
putting a total thermal resistance of the package and the die,
Z:«(p), like Z«(p) =1/Y:(p) = R: /(1+1p), T = R:Cr — a
thermal time constant. Then 7'is given by:

T=T,+ Z(p)Ps 1)

where T, — an ambient temperature;

Py= P,- P,— the power dissipation;

Py=E 1n= (Eeo— I.0Re)10o(U, E,, T) — the power led to a
transistor from a collector supplying source;

E — a collector-emitter voltage from the supplying source,
E < Ey owing to R., 1,0>0;

P, =%WU>XR, = ]/zUz/(kRg) — the first harmonic power at a
collector output.

The equations set of (16), (20) was studied in [8, 9] and
some other works by the Soviet period. In the next section
we repeat some old results and analyse the new features
arising due to adding the thermal balance (21).

IV. STEADY-STATE REGIME AND ITS STABILITY

In a steady-state regime (SSR) all amplitudes and an
oscillation frequency are constant. It results the differential
equations under analysis transforms to (19) describing an

oscillation frequency shift in respect of a resonant
frequency, A®w = ®-®,, and a set of the three algebraic
transcendental equations:

U° :ﬂ’ 1,(8°) :L, Gy =SR,;
cos(0°) Gy
El()) = Ebfex _ReIcOO(UOSEI())STO) > (22)
(o] (3] (o] (o] (3] o (l]O)2
T :Ta+RT[(ECO_ReICO)ICO(U 5Eb’T )_ ]
2kR,

Here the upper indices “o0” identify SSR’s values; Gy >1 —
a regeneration factor, i. e., the open PFL voltage or current
small-signal gain (in times).

The variables U and E,, are functionally bound in SSR. A
plot of U°(Ey’) on the UEy-plate is called the quenching
diagram (QD). In the PCR zone the QD family forms a fan
of straight lines starting from the point {E’, 0} (Fig. 3).
When some QD reaches CRL the curve turns to the right
and becomes about a horizontal in the OCR zone. The CRL
position is defined here with a formula

U = Eem (8180 (By-E). )
SIS, +1/k

Any point of a particular QD satisfies the first harmonic
power balance (18). To define concretely the operating point
one needs to insert some additional condition. This role
takes a biasing diagram (BD), i. e., Ey, versus U dependence
in accordance with (20). The corresponding example for Gy
= 3 is shown in Fig. 3.

Note, for mild oscillation building-up the transistor has
to operate in an active mode that turns into a cut-off one
during a transition period. It means the initial biasing value,
Eyin Fig. 3, must exceed £’

Gy = 2..5 is the usual choice in practical design.
However, the PCR parts of QDs can not be realized under
external biasing in this case since they are principally

~ BD U
U~ ¥ o, D

\*\ = < OCR

Goﬁ OO Go — O zone
Operating B CIEL

point Go >3
PCR zone QD "¢ PCR zone
£y

|
0 E' B,

Figure 3. Graphical representation of main components of the SSR
analysis including PCR/OCR zones, CRL, the quenching diagrams
(solid lines) and one biasing diagram (a dotted line).



unstable as having a negative slope. Thus, using some kind
of auto-biasing is often a forced solution.

Nevertheless, the operating points still stay potentially
unstable when Gy > 2 and they indeed become unstable if
the biasing circuit inertia described quantitatively by 7.
exceeds some critical value [8].

Add small perturbations to our main variables to analyse
SSR stability, i. e., replace

® = ¢+do,
U— U°+8U, E, > E,’+OE, T— T° +4T. (24)
Then it follows to a first approximation:

U= (U° +3U +j-6¢-U°)exp(jo),

I, = ("¢ +6u1'8U + G¢1"0E + G11°8T + j-0¢-I°1 )-exp(j),

IC() = IOC() +Gu0'8U+ Geo'SE + GTO'ST, (25)
where
S 0l o1y (U, Ey, T)
u0(l) — QU UO,EI;),TO B
s 0l oy (U, Ey, T)
e0(l) — BEb UO,Eg,TO B
o1y (U, Ey5 T)
Sro(1) =T or v (26)

are pertinent partial derivatives taken at the SSR point.

®=0 in our simple oscillator mathematical model.
Hence, the frequency correction AQ = 0 as well and this

item can be not considered further.

Substituting (25) to (18), (20), (21) and taking (22) into
account, we arrive to a system of linear equations for
disturbances:

cu —Y(p) Gel Oy U
Cuo GCeo — Ye (p) G X| 8E =0
GuOEc T GeOEc GTOEC - YT (p) ST
g
(27)

The steady state is stable if all roots of a characteristic
equation det (27) =0 have negative real parts.

The numerical calculations are made for BJT KT312A
having at T, = 300K, Ey, =5V, I,p = TmA:

£i=300 MHz, Iy=4.9-10"° A, T=25ps, Igmx =30 mA,

E'=06V,S5=0.08 A/V, S/S;: = 3, Py max = 225 mW, R; =
0.6 K/mW.
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Supposing an operating frequency is low enough (e. g., 1
MHz), choose Gy = SR, = 3. It follows, R, = 37.5 Q. Using
the introduced approximations one gets 6 = 1.303 rad.

If CR is to be realized then for P,..= 160mW, E. = 12V:
UJE.=0.757, U=U,=132V, I, =352 mA, R. = 258.1
Q, k=0.145; 1,,=20.8 mA, E, =025 V.

Choose SR, = 3 for the auto-biasing circuit as well. Then
R.=375Q,and Ey.ox = Ep.or + Re" Lo = 1.03V.

Introduce the parameter

&=uu,, (28)

that is, normalize U in respect of its CR value, Uy, to have a
possibility to consider any point of the chosen QD.
These data are used as basic to calculate SSR at real 7.

The self-heating effect is manifested itself mainly in
reduction of cut-off voltage and the forward
transconductance. To model such an effect, temperature
correction is added as in the following:

AE(T) = AE() - KT( T—T()),

3
(D) =TIy (Tloj -exp{

AE(T)q
kpTy

Iy
T

(-3

y (= ro L= Tt la=SoksTy g T
v(L) =T = T
T So([00+[so) T
S(T) — [00+Is(T) (29)

kT + 1 (M Lo+ 1(T) T
E'(T)=U(lg0,T) - Iy | S(T).

Here: AE, = 1.11V for Si, K; = 3-10" V/deg, Ioo = 18.6 mA
— an approximation fitting parameter, r,o = 11.12 Q.

The natural time scale for our problem is a resonator
time constant, T.. T, = 15.92-10%s if v = 1 MHz, O = 50.
Normalize T, and Tr in respect of 1,, thus introducing

Ton = To/Tr, Tra = To/Tr (30)

The SSR stable zone borders arising from the
characteristic equation analysis are plotted in Fig. 4 (for G,
= SR, = 3) and in Fig. 5 (for G, 1.8). The results
demonstrate strong influence of the SSR parameters on the
stable zone dimensions. In general, the more oscillation
amplitude the greater a limit value of Ty, Ton max. Lhe
thermal inertia can either increase or decrease the permitted
value of 1, depending on particular circumstances.

For many years it was considered SSR is stable
unconditionally if 1<G,< 2 [8, 9]. Our calculations revealed
for the first time (Fig. 5) that, as a matter of fact, it is not
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Figure 4. Influence of operating point position on the normalized biasing
stability threshold vs. normalized thermal time constant.
Go=SR;=3;SR. =3; Pl = 160 mW; Ep=12 V.
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Figure 5. Influence of operating point position on the normalized biasing
stability threshold vs. normalized thermal time constant.
Go=SR;=1.8; SR. = 3; P1e: = 160 mW; E =12 V.

true when thermal inertia is taken into account. There is the
obvious threshold of stability with respect to T, unless
exceeds some critical value.

Choose { = 0.4 as a particular SSR point. The phase-
plane portrait in Fig. 6 and a temperature plot in Fig. 7 show
the dynamics of oscillations building-up when SSR satisfies
the stability conditions since Ty, = 6 here while Ty, max =
7.22 for Ty, = 15. Note, the instant operating point stays into
the OCR zone for an initial part of the transient.

Fig. 8 and Fig. 9, on the contrary, demonstrate situation
outside the zone of stability. All three variables, U, E, and

U o

Operating
point

s

- SN Y i
\\
.1 il 01 0.2 0.3 ¢4 1] 0.6 0.7
E

b

Figure 6. A phase-plane portrait of input amplitude vs. biasing voltage
in case of a stable SSR point.

Go=3;SR.=3; Pio=160mW; E o =12 V; C, =0.4; Ty = 6; Ty =15.
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Figure 7. The temperature transient for the case in Fig. 6.
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Figure 8. A phase-plane portrait of input amplitude vs. biasing voltage
in case of an unstable SSR point.

Go=3; SR, =3; Pio = 160 mW; Eeo = 12 V; { = 0.4; Ty = 7.5; Ty =15.
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Figure 9. The temperature transient for the case in Fig. 8.

T, are subjected to self-modulation. In result they form a
closed curve in 3D-space. Its projection on UE,-plate
displays a limit cycle around the SSR point. Note gradual
decay of temperature variations during transient in Fig. 7
changing by periodic swings in Fig. 9.

V. NOISE ANALYSIS

Put collector current shot noise as the only noise source
and omit non-linear noise transfer to simplify the problem.
Then instead of (25) one has:

I, = [(Iocl +... +_]6(P1001) + (et j L)) exp(@),
ICO = (IOCO +Gu0-8U+ Ge()'SE + GTO'ST) + IHO’ (31)

where I, I,;; — real and imagine parts of the equivalent
noise source around carrier, I, — the same for low-
frequency noise.

According (19), (31), oscillator FM noise is defined with
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(bn :[R%oj'[nli' (32)

It follows, PM noise is the same like in the Leeson’s model.

To complete a system of noise equations it is sufficient
to complete a right-hand side of (27) with a column vector

nlr
— I : (33)
=1y '(ECO _Re[so)

Unfortunately, the formal solutions for fluctuations of main
variables: U,, Epp, Tn, are too cumbersome to write them
here. We replace them by Fig. 10,a-f where sets of frequency
responses illustrate how approaching to threshold of
stability modify the particular AM-noise. The possible noise
rise can reach some tens decibel in the case of unhappy time
constants choice. In Fig. 10, a-f o = (2Q/NV)F — a
normalized detuning of the transmission resonator at an
offset frequency F; Q — a resonator loaded QO-factor.
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Figure 10. Impact of the biasing time constant on amplitude noise.
Go=3;SR.=3; Pia=160mW; Ex= 12 V; C =04.

The transfer coefficients describe:

Kuir, Kyo: SPD Ly, SPD I,p — SPD of Uj;
Keir, Keo: SPD Ly, SPD Iy — SPD of Ey;
Ki1p, Kro: SPD Iy, SPD 1,0 — SPD of 7.

Amplitude-to-phase, bias-to-phase, temperature-to-phase
conversions are absent in the discussed simplest model. But
they are definitely present of real transistors where

¢ = U, Ey, T). (34)
It follows for SSR,
O = Q+0,=0" T Us+ Cpe En + G- Tr.  (35)

Here @n, Uy, Ey, T, Ogu, Oge; Ogr — Noise perturbations and
corresponding conversion coefficients accordingly.

With this remark one can hope the performed analysis
gives useful insight into behavior of practical oscillators as
any huge increase of amplitude fluctuations inevitably goes
to up oscillator phase noise. More precise models will be
considered in the future.

VI. CONCLUSION

In this paper we took into account the intrinsic thermal
feedback in a bipolar transistor oscillator and found using
simple models that this phenomenon together with inertia of
auto-biasing circurtry affects sufficiently steady-state
regime stability and oscillator noise. Lack of attention to this
topic in practical design can result a lot of troubles.
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